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The equations governing the flow behavior of the biaxial nematic phase are derived and presented in
such a form that it is easily seen that the fluid dynamic theory of biaxial nematics can be formulated
as a natural generalization of the Leslie-Ericksen theory of uniaxial nematics. It is shown that in order
to describe the flow behaviour of biaxial nematics, fifteen viscosity coefficients, related by three Onsager
relations, are required. With the biaxial nematic stress tensor as a starting point we discuss the concept
of viscous torques, and show how a good qualitative understanding of the flow behaviour of the system
follows by studying them. We show that three rotational viscosities and nine effective shearing viscosities
have to be defined in order to characterize the viscous behaviour of biaxial nematics completely. Thus
it is possible to design sufficient experiments to measure the twelve independent viscosity coefficients
included in the theory. We also derive the possible equilibrium orientations for a biaxial nematic when
subjected to shear flow, and give a brief discussion of their stability.

Keywords: biaxial nematics, shearing viscosities/biaxial nematics, rotational viscosities/
biaxial nematics, viscosity coefficients/biaxial nematics

| INTRODUCTION

In 1980, Yu and Saupe® discovered the existence of a biaxial nematic phase in a
multicomponent lyotropic system and more recently thermotropic liquid crystals
exhibiting a biaxial nematic phase have also been reported in the literature.?-*
During the ten years that have passed since the discovery of the biaxial nematic
phase, a number of approaches to the description of the fluid dynamics of this
system have appeared in the literature.’-? Generally, it should be possible to con-
sider the fluid dynamics of biaxial nematics as a generalization of the Leslie-Ericksen
theory’®!! of uniaxial nematics. However, in no instance is the theory of biaxial
nematics presented in such a way that this generalization is obvious. A common
feature of these theories is that a set of twelve independent viscosity coefficients
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is necessary in order to describe an isothermal, incompressible biaxial nematic, but
in none of the theories is it clear how these coefficients are related to the five
independent Leslie coefficients needed to describe the flow behaviour of uniaxial
nematics. Furthermore, most of the present theoretical approaches®® to the flow
properties of biaxial nematics concentrate on the general mathematical structure
of the governing equations of the theory and do not give much consideration to
the implications for the physical flow behaviour of the system that can be deduced
from these equations.

In this paper we present an alternative formulation of the equations governing
the flow behaviour of biaxial nematics, and formulate the theory in such a way
that it is easily seen how the fluid dynamic theory of biaxial nematics can be regarded
as a natural generalization of the Leslie-Ericksen theory of uniaxial nematics.
Thereafter we study the flow properties of the biaxial nematics in detail and show
how this behaviour can be viewed as an extension of the corresponding behaviour
of uniaxial nematics.

The outline of the paper is as follows: Section II presents a derivation of the
governing equations of the fluid dynamics of biaxial nematics, which shows that
the symmetry of the system demands in the stress tensor fifteen viscosity coeffi-
cients, related by three Onsager relations.

While it is possible to describe a biaxial nematic liquid crystal in several different
ways, in Section I1I we introduce the two directors used in our approach, and show
how they are related to the symmetry of the system. Section IV defines the co-
ordinates used in this work, introducing a spherical polar coordinate system which
is frequently the most convenient one to use to describe the system.

Section V introduces the concept viscous torque and shows how this can be
divided into two parts—the rotational torque connected to rotations of the directors
and the shearing torque due to the macroscopic flow of the system. By calculating
the expression for the rotational torque, in Section VI we show that three rotational
viscosities are necessary to describe the rotational motion of biaxial nematics.
Section VII presents a calculation of the shearing torque and derives the equilibrium
angles of the directors in shear flow. Section VIII gives a brief discussion of the
stability of these equilibrium angles and shows some different examples of flow
alignment that can occur in the system.

In Section IX we address the problem of aligning the system by using electric
and magnetic ficlds, and we show that the analysis of the behaviour of the system
when subjected to simultaneous electric and magnetic fields is rather involved.
However, we are able to show how two crossed electric and magnetic fields can
be used to align the two directors.

The problem of determining the full set of viscosity coefficients is discussed in
Section X, where we show that it is possible to define nine linearly independent
effective shearing viscosities of a biaxial nematic. Thus, together with the three
rotational viscosities and the three Onsager relations, there are sufficient relations
to permit the full set of viscosity coefficients to be experimentally determined.

Finally, Section XI discusses how the structure of the stress tensor implies that
transverse flow can be induced in the system in some cases. By examining the
nature of the transverse flow, one can show that the results derived in the previous
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sections, which are obtained by neglecting the possibility of transverse flow, remain
valid.

I THE GOVERNING EQUATIONS—THE BIAXIAL NEMATIC
STRESS TENSOR

Here we present a brief account of equations that govern the flow behaviour of a
biaxial nematic when surface effects are negligible, so that one ignores the related
couple stress arising from the elastic energy. Our aim is to present such theory as
a generalization of the corresponding version of the Leslie-Ericksen theory'®!'! for
uniaxial nematics. The resulting equations are identical to those given recently by
Laverty and Leslie.!? Whenever possible we employ vector notation, but inevitably
in writing tensorial quantities it is necessary to use Cartesian tensor notation.

The anisotropy of a biaxial nematic can be described by two directors i and r,
and we discuss in the following section a possible interpretation of their roles. For
the present it simply suffices to note the constraints arising from their being or-
thogonal unit vectors,

i = mm =1, am = 0. (I1.1)

Also adopting the common assumption of incompressibility, the velocity vector v
is subject to the familiar constraint

Vv = 0. (I1.2)

The relevant balance laws are those expressing conservation of linear and angular
momentum,

pl?,- = th + ttj,] (II-S)
and
pKi + eijktkj = 0, (II.4)

respectively. In the above p denotes density, the superimposed dot a material time
derivative, F and K body force and body moments per unit mass, respectively, and
t;; is the Cauchy stress tensor. In the latter equation the inertial term is omitted,
and also the couple stress tensor related to the generalized Frank-Oseen energy.

The body couple arising from a magnetic field B or an electric field E is given

by
pK; = €, 3By, pK; = &, JfE,, (11.5)
where the magnetization J° takes the form
Jb = pollx.mn + Xmmm; + x441B;, (11.6)
and the electric displacement J¢ is given by

J;f = 80[%”1’”;‘ + &, M;m; + ellilj]E]" (II7)
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In these equations p, and g, denote the permeability and permittivity of free space,
respectively, while x; and ¢; are the magnetic susceptibilities and dielectric per-
mittivities, respectively, along the i-axis.

A natural generalization of uniaxial theory assumes that the stress tensor is
dependent upon the two directors fi and i, their material time derivatives fi and
1, and the velocity gradients Vv, being linear in the latter and the time derivatives.
With the assumptions of the usual nematic symmetries and invariance requirements,
one ultimately obtains

tij = OLlepnknpninj + OLzN,-nj + 0L3le’li + 01.4D,-j + 0L5Diknknj

+ OI.GD]-knkn,- + BIkamkmpmfmj + BzMgmj + B3M}~m,~

+ BsDumum; + BgDympm; + Nym,(nymn; + pon,my)

+ Dynem, (wsmn; + wan;m;) — pd; (IL.8)
where
1 1
D, = i(vi,j + vj,i)’ W;; = E(vi.j - vj,i) (11.9)
and
N; = n; — Wyn,, M; = m; — Wyem,. (I1.10)

The above form is a relatively straightforward generalization of the expression for
a uniaxial nematic!! except for the omission of two terms, one involving D,,n.n,m;m;
and the other Dy ,m,m,n;n;. One is omitted on algebraic grounds, it being ex-
pressible as a combination of other terms using an argument of the form given by
Govers and Vertogen,!? the other by a stability argument associated with Onsager,
which also leads to

a + o3 = ag — Qs B, + Bs = Bs — Bs Bt oEy = gy — g, (IL11)

these reducing the number of independent coefficients to twelve.
Finally we note a result required later. Introducing the local angular velocity
of the fluid, one can write

i=wxh =X (I1.12)
From these and the corresponding equation for { where
I =i x m, (11.13)
one can show that
Jo=hAXh+mxm+ixl (11.14)

a result required in Section VI.
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il THE DIRECTORS OF BIAXIAL NEMATICS-CONNECTION BETWEEN
THE BIAXIAL AND THE UNIAXIAL NEMATIC VISCOSITY COEFFICIENTS

The microscopic picture that one most often makes of a uniaxial nematic is a
rotationally symmetric ellipsoid, the orientational order of which is described by
a unit vector i, commonly denoted the director (c.f. Figure 1a). When studying a
biaxial nematic we can refer the biaxiality of the system to the breaking of the
rotational symmetry of the ellipsoid around fi, and instead of studying a system of
rotationally symmetric rods we can imagine that we are studying a system consisting
of plates with sides of lengths a4, b and ¢ for which we assume a >> b >> ¢. To
describe such a system one requires two directors. Thus we introduce fi, the “long
director” corresponding to the director of the uniaxial nematic, and rh, the “trans-
verse director’’ describing the rotation of the biaxial plate around the long director
(c.f. Figure 1b). The form of the stress tensor given by Equation (II.8) is readily
interpreted in the light of Figure 1. The six o;-terms, which are those acting on the
long director, correspond exactly to the Leslie stress tensor™ of uniaxial nematics.
The five B;-terms have the same structure as the five anisotropic o;-terms, only i
is replaced by m and thus these terms are acting on the transverse director. We
also notice the similarity between the first two of the Onsager relations (1I.11)
which connect four of the o;-coefficients and four of the ,-coefficients, respectively.
Finally, there are four p;-terms which reflect coupling effects between the long and
the transverse directors and which are related by the last of the Onsager relations

n n
. 1
/e
——e -— .
d b
I>>d a>s>b>>¢
ROD LIKE UNIAXIAL NEMATIC ROD LIKE BIAXIAL NEMATIC
(8) (b}

FIGURE 1 Comparison between a rod-like uniaxial nematic (a) and a rod-like biaxial nematic (b).
To describe the biaxial nematic, we introduce the biaxial plate. This is completely characterized by
specifying the long director f and the transverse director .



Downloaded by [Tomsk State University of Control Systems and Radio] at 15:05 18 February 2013

100 T. CARLSSON, F. M. LESLIE AND J. S. LAVERTY

(I1.11). These terms do not have any counterpart in the Leslie-Ericksen theory of
uniaxial nematics.

Above we discuss how the terms of the stress tensor fall into essentially four
groups. First of all there is the ay-term which is the isotropic part of the stress
tensor. Then there are the remaining five of the o;-terms and the five B,-terms,
where the a;-terms are connected to the n-director in the same way as the B;-terms
are to the m-director. Having restricted ourselves to the study of a biaxial nematic
system for which we assume a >> b >> c, it is natural to assume that the long
director f is more dominant than the transverse director th. Thus one expects that
the values of the a-constants are roughly of the same order as the corresponding
Leslie viscosities of a uniaxial nematic, while the ,-constants are likely to be small
compared to their a; counterpart. Also one expects the p,-constants to be mutually
related to each other in much the same way as the corresponding o,-constants.
Concerning the p-constants, however, we cannot make any firm statement. Being
related to the biaxiality of the system, it seems fair to assume that these are small
compared to the a-constants. In Section V we show that the p;-constants cannot
be small compared to the f;-constants.

Finally we point out that the assumption «; >> B, can be regarded as generally
valid for the biaxial nematic with the symmetry pictured in Figure 1. In order to
understand this one reasons as follows. First note that one can always assume o;
> B, without loss of generality, because reversing this inequality would simply
correspond to interchanging the roles of ii and rh which is the same as interchanging
the lengths a and b. This would simply lead us to study the same physical system
by some new coordinates. The case o; = [3; must by symmetry correspond to setting
a and b equal and leads us to study a disc like nematic with the director pointing
in the direction { = A x . If B, < o; we have a situation which corresponds to
a biaxial nematic of the “disc like type,” i.e. a = b >> c. Thus as long as we
restrict our study to a biaxial nematic of the “rod like type,” i.e., a >> b >> c,
it seems safe to make the assumptions o; >> B,, B, ~ ., for the viscosity coefficients
of the biaxial nematic phase.

IV THE SHEAR FLOW SET UP—DEFINITION OF THE COORDINATES

In order to investigate the flow properties of the biaxial nematic phase we study
the system under shear flow, defining the coordinates according to Figure 2. The
liquid crystal is confined between two glass plates which are chosen to be parallel
to the xy-plane. The lower plate is at rest, while the upper one is moving with the
velocity v, in the x-direction. In order to describe the two directors, we introduce
three angular coordinates in the following way. A spherical polar coordinate system
(r, 0, &), of which the angles 6 and ¢ are used to describe the long director A, is
introduced according to Figure 2. Letting the pole of this coordinate system coincide
with the z-direction, 6 is the angle between the long director and the normal to
the plates. We then define ¢ as the angle which the projection of the long director
onto the xy-plane makes with the x-axis, counting ¢ positive counter-clockwise. In
order to describe the transverse director mh we introduce an angle & which measures
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A
n A
r
v §
ra 5
1/ x /

X

FIGURE 2 Definition of coordinates describing the directors of the biaxial nematic plate. The long
director is specified by the polar angles 6 and &, while rotation of the transverse director around the
long director is given by . In many cases, the quantities we study are most conveniently described by
the spherical polar coordinate system (r, 6, ¢), the base vectors of which are also shown in the figure.

the rotation of the transverse director around the positive fi-axis. We introduce s
in such a way that, for each direction of the n-director, ¢ = 0 corresponds to the

transverse director being parallel to & (c.f. Figure 2 or Equations (IV.2) and (IV .4)).
The Cartesian components of the two directors can now be expressed as follows

n, = sinBcoso, n, = sinfsing, n, = cosb, av.n

and

3
I

—sindcosy — cosfcosdsing,

3
I

, = cosdcosy — cosBsindsiny,

3
I

sin@sinys. (av.2)

For mathematical convenience, it is at times useful to introduce a third unit vector
I = & x rh pointing in the third principal direction of the biaxial plate

I, = —cosbcosdcosd + sindsiny,
[, = —cos@sindcosy — cosdsinys,
I, = sinfcosys. (Iv.3)
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The base vectors of the spherical polar coordinate system (7, 6, ¢) are shown in
Figure 2, and can be expressed using Cartesian coordinates as

% sinfcosd + ¥ sinBsind + Z coso,

£

b

]

% cosBcosd + § cosbsing — Z sind,

A

¢

—% sind + § cosd. (IV.4)

Using the spherical coordinate system, one can write i, rh and 1 as

i =f, (Iv.s)
m = é cosy — 8 siny, (Iv.6)
i = —siny — 6 costs. (Iv.7)

From Equations (IV.1) and (IV.2) or (IV.5) and (IV.6) one can easily confirm
that the constraints of Equations (II.1) are satisfied.
Assuming that no transverse flow occurs, the velocity field can be written as

v, = v(z), v, =0, v, = 0. (1v.8)

Thus the local shear flow in this arrangement is everywhere in the x-direction, and
for convenience we introduce

o= =2 (IV.9)

as a shorthand notation.

V VISCOUS TORQUES IN BIAXIAL NEMATICS

Neglecting the inertia of the system, the balance law for angular momentum is
given by Equation (I1.4). The two terms in this equation can be interpreted as the
torques which act on the directors due to external and viscous forces, respectively.
As external forces we consider only those which are due to electric and magnetic
fields, and the corresponding torque pK;, which is given by Equations (I1.5)-(11.7),
is discussed in Section IX. The torque €;, 1, is the viscous torque which we denote
by I'*, and which can be divided into two parts

FV = I‘S + Fr = Eijktkj (Vl)

Here I' is the shearing torque, i.e., the torque acting on the directors due to the
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velocity gradient v’ while I'" is the rotational torque, i.e., the torque which appears
if A + Oorrh # 0.

When calculating the torque acting on the directors, one can do so either by
using Cartesian coordinates or by using the spherical polar coordinate system in-
troduced by Figure 2. However, if we wish to achieve a good physical interpretation
of the torque, as shown below, the spherical polar coordinate system is better suited
for the problem than the Cartesian one. Figure 3 pictures the biaxial plate inside
the unit sphere, and shows how the torque I acting on the system decomposes into
its three spherical polar components I',, I'; and I'y. Generally, a torque acting on
a body causes a rotation around an axis which is parallel to the torque vector. This
means that the torque component I', tends to rotate the biaxial plate around the
r-axis. Thus this component of the torque causes the transverse director 1 to rotate
around the long director i, corresponding to a pure -rotation of the system. In
the same way Figure 3 shows that the torque components I'y and T, each act to
rotate fi in such a way that I'y corresponds to a rotation for which ¢ changes, while
I';, corresponds to a rotation for which 6 changes. This decomposition of the torque
into its spherical polar components has been discussed in detail by Carlsson'¢ in
the case of uniaxial nematics.

VI THE ROTATIONAL TORQUE AND THE ROTATIONAL VISCOSITIES

In this section we derive the expression for the biaxial nematic rotational torque
and with this as a starting point define the rotational viscosities of the system. The
rotational torque can be expressed as

where t;; is the rotational part of the viscous stress tensor, i.e., the part which

/

z y
1/ x
FIGURE 3 The meaning of the spherical polar components of a torque acting on a biaxial nematic.
The torque component I', is causing the transverse director m to rotate around the long director #,

while the torque components I'y and T, each act to rotate the long director it in such a way that T,
corresponds to a rotation for which ¢ changes, while I'y, corresponds to a rotation for which @ changes.
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remains in the absence of velocity gradients. Using Equations (I1.8)—(I1.10) one
obtains

o=

L= opiny v oo + Boriymy + Bymym; + am(wmn; + ponamy). (V12)

The calculation is most easily performed using spherical polar coordinates, and to
do so we first calculate the time derivatives of the corresponding base vectors which
are given by Equations (IV.4).

f =06+ ésind b,

0 = —0F + &b cosd b,

A

¢

From Equations (IV.5), (IV.6) and (VI.3) one can now derive expressions for the
time derivatives of the directors

— ¢ sind # — $ coso 8. (VL3)

A =606+ dsingd, (V1.4)

I

th = #(0 sing — & sinbeosy) — B cosP(d cosd + i)
— & sinf(b cos® + ). (VL5)
Also one finds the time derivative of i to be
I = (0 coss + & sindsinys) + B siny(d cosd + 1)
— ¢ cosl(d cos® + ). (VL6)

At this stage it is possible to calculate the angular velocity o (Equation (I1.14)) of
the biaxial plate, a quantity which will prove useful later,

o = #(dcosd + ) — 6 $sing + 6. (VLL7)
From Equations (V1.2), (VI.4) and (VL.5) one can calculate the components of

the rotational stress tensor and by the use of Equation (VI.1) the spherical polar
components of the rotational torque turn out to be

[7 = —(Bs — Bo)(d cosd + i),
T; = (a3 — oy)dsin®

+ (Bs — By + M2 — py)($ sinbcos®y — 8 sindscosis),
Th = —(a; —ay)8

— (Bs = By + By — py)(0 sin®y — & sinBsinfcosiy). (VI1.8)
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Generally, the rotational torque is related to the angular velocity of the system
through a rotational viscosity tensor y” by the relation

"= —-vyo. (V1.9)

An inspection of Equations (VI.7)—(VI.9) shows that the rotational viscosity tensor
is

Bs - Bz 0
v = 0 a; — oy + (Bs — Bz + My — py)cos?y
0 (Bs — B2 + Mo — py)sindicosy
0
Bs — Bz + o — py)singicosys (VI.10)

a3 — oy + (B — Bz + B — py)sinP

Demanding y" to be positive definite leads to the following three conditions

Yn a; — a, >0,

Ym = BB - BZ > 0,

VYom = Q@3 = Oz + B3 ~ By + pp — py > 0. (VL11)
In Equations (VI.11) we have introduced the notations v,,, v,, and v,,,,. Each of
these quantities is related to the rotation of the biaxial plate around one of its

three principal axes and is what we term a rotational viscosity of the system. Figure
4 shows the corresponding rotations of the biaxial plate. In Figure 4a the transverse

/ (2) (®) ©

/

FIGURE 4 Definition of the three rotational viscosities of a biaxial nematic.

Y, Y, ¥

nm
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director r rotates around the long director fi. The corresponding rotational viscosity
can be deduced by putting 6 = ¢ = 0 in Equations (VI.8) to give

I" = —(B; — BJb # = — y,bf. (V1.12)

In Figure 4b the long director fi rotates around the transverse director m. This
situation is achieved by putting & = ¢ = 0 in Equations (VL.8) leading to

I‘r — _(a3 — 01.2)6(’]\) = —'yné(l{) (VI.13)

The two rotational viscosities v, and v,, thus correspond to the situations for which
only one of the two directors rotates, and their structure confirms the conclusion
in Section III that the B;-coefficients are related to the m-director in the same way
as the o;-coefficients are to the n-director. Finally, in Figure 4c we show the situation
in which both the directors are rotating around the l-axis. This is achieved by
putting & = 0, & = w/2 and in this case Equations (VI.8) give the rotational torque

"= —(03 — oy + By — By + pp — p)bb = —v,,06.  (VL14)

Here we note that the corresponding rotational viscosity is not just the sum of the
two rotational viscosities corresponding to the two directors rotating separately,
but instead takes the form

Yom = Yn + Ym + P — g (VIlS)

where the term p, — p, represents a nonlinear coupling between the rotations of
the two directors.

While the three inequalities (VI.11) must always hold on thermodynamic grounds,
we now write down another inequality, which seems plausible by the following
reasoning. As a much larger surface of the biaxial plate has to trace its way through
the liquid in the case of Figure 4b compared to that of Figure 4c, it is obvious that
we should expect the rotational viscosity v, to be larger than that of vy,,,,. This leads
to the inequality

B~ B2 > B3 — Ba (VL.16)

From Equations (VI.11), B; — B, is always positive, and as a consequence it follows
from Equation (VI1.16) that the inequality

By > o (VLE17)

must always be fulfilled by the two coupling coefficients p; and p,.

The form of the rotational torque as given by Equations (VI.8) implies an in-
teresting cross effect in the rotational behavior of the system. In Figure 5 we show
the rotation of the biaxial plate in the case when the long director i is confined



Downloaded by [Tomsk State University of Control Systems and Radio] at 15:05 18 February 2013

FLOW PROPERTIES OF BIAXIAL NEMATICS 107

y .
X
FIGURE 5 Demonstration of transverse torque effects in the rotational motion of a biaxial nematic.
In the figure, the long director @ is confined within the xz-plane performing a rotation 8 + 0. If the

transverse director m makes an oblique angle with the xz-plane, a transverse torque I'} is exerted on
the long director, causing it to rotate out of this plane.

within the shearing plane, while the transverse director r makes an oblique angle
with the shear plane. This corresponds to & = 0, & # 0, w/2 and  # 0. Apart
from the expected counteracting torque I'}, there will also be a transverse torque
component I'j given by

Iy = — (Bs — By + Mo — py)Bsinyscosis. (VI.18)

In the same way it is easy to convince oneself that whenever the long director is
rotating around an axis which does not coincide with one of the other two principal
axes of the biaxial plate, such a transverse torque always appears. This fact makes
the analysis of the routes towards equilibrium in many cases much more complex
than one might have imagined at first. Let us further assume that the x-component
of m is negative (i.e., 0 < < 7/2) as pictured in Figure 5. By physical reasoning,
we then expect the transverse torque acting on the long director to rotate it in the
negative ¢-direction. This corresponds to, as can be seen from Figures 2 and 3, a
positive torque I';. Demanding 'y given by Equation (VI.18) to be positive re-
derives the inequality (VI.16) arrived at above by completely different reasoning.
Thus, even if this inequality is not a strict inequality in the thermodynamic sense,
it seems to us safe to introduce it as a consequence of the geometry of the particular
system we are modeling.

Finally we clarify that if the long director is rotating at constant 8, i.e., is tracing
out a cone around the z-axis, the reference direction for which s = 0 rotates also.
This is the origin of the term ¢cos in the expression for I'] in the first of Equations
(VL.8). If such a rotation is performed keeping 1h constant, i.e., for zero torque
"7,  must all the time change according to s = — dcos® because of the rotation
of the reference direction of .

VIl THE SHEARING TORQUE AND THE FLOW ALIGNMENT ANGLES

We now calculate the shearing torque acting on the biaxial plate using the coor-
dinates-introduced in Figure 2. In absence of transverse flow, the velocity field is
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given by Equation (IV.8) and thus the only nonzero components of the strain rate
and vorticity tensors (Equations (I11.9) are

v, (VIL1)

v (VIIL.2)

The two vectors N, and M, become in the case of a steady shear flow (i.e., #; =

N3 = —-;— vn,,
N; =0,
L,
N3 = 2 Ve (VIL.3)
and
M = —% v'm,,
M; =0,
1
M3 = > vim,. (VIL4)

The Cartesian components of the shearing torque calculated from Equations (11.8),
(V.1) and (VIIL.1)-(VII.4) take the form

I's = v[-osn.n, — Bsmm,
+ (nzmy - nymz)(p“]nzmx + ponm,)l,
I3 = v[-an? + azn? = Bym?2 + Bym3
+ (nem, — n.m)(mn.m, + pyn,m.)] (VIL5)

Is

i

v’[a2nynz + Bzmymz + (nymx - nxmy)(p‘lnzmx + H‘anmz)]'

As was explained in Section V, we prefer to express the torque by the use of the



Downloaded by [Tomsk State University of Control Systems and Radio] at 15:05 18 February 2013

FLOW PROPERTIES OF BIAXIAL NEMATICS 109

spherical polar coordinate system introduced in Figures 2 and 3. Introducing the
coordinates of n;and m; as given by Equations (IV.1) and (IV.2) and the expressions
for the base vectors #, § and ¢ (Equations (IV.4)), we can now calculate the
projections of the torque (VIL.5) into the r-, 8- and ¢-directions, to give

I's = v'[Bs(sinBsindcos?y + sinfcosbeosdsingcosiys)

i

+ B,(sinBcosfcosdsindicosy — sinbsindsinZy)],
I'y = v'[—a,cos8sind — B,sin?0cosdsinficosy
+ Bs(cosBsindcos®y + cos?Bcosdsinficosis)
— pycosfsindcos®y + cosdsinPeosd(p,sind — pcos?0)],

v'[(03810%0 — a,c08%0)cosd — B,sinBcosdsinys

—
e.h
Il

+ Bs(cosBsindsinyicosy + cos?Bcosdsin?y)
— pcosBsindsinfcosy + cosdsin®P(p,sin?d — p,cos?0)].  (VIL.6)

In order to start to understand how the shearing torque of Equations (VII.6)
influences the biaxial plate, we investigate a few special cases. In Figure 6, the six
different flows achievable by letting the three principal axes of the biaxial plate
fall along the x-, y- and z-axes are shown. In all of these cases, the torque acting
on the plate is parallel to the y-axis. In Figure 6a we have chosen the situation for
which 1 is parallel to §. The torque acting on the system in this case acts solely
on the long director and is given by I'* = —a,v'§ or I'* = a;v'y, depending on
whether the long director is perpendicular to the plates or parallel to the direction
of the flow. In this case, the m-director is pointing in the isotropic direction and
the system behaves just as a uniaxial nematic would do in the same situation.!***
In Figure 6b, instead the n-director is pointing in the isotropic direction. The torque
in this case again points in the y-direction and thus acts only to rotate the transverse
director, being I'* = —B,v'y and I'* = B,v'§y, respectively. We notice that in the
latter case, we have simply replaced o; by B;, again confirming that in the two
cases discussed above, the B;-coefficients are connected to the m-director in just
the same way as the o;-coefficients are to the n-director. The case when both the
directors are confined in the shearing plane is shown in Figure 6¢c. Here the torques
in the two situations are given by I'* = (—a, + B3 — pyv'§and I'* = (a3 — B,
+ py)v'§, respectively. Thus we notice that one cannot merely add the torques
acting on the two directors as they are given by Figures 6a and b, but that there
is also a contribution to the torque from the coupling terms connected to w, and
K.

In order to determine the possible equilibrium angles of the directors one must
assign values to the viscosity coefficients which appear in the expressions for the
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FIGURE 6 Shearing torques acting on the biaxial plate when its three principal axes coincide with
the x-, y- and z-axes.

TABLE I

Inequalities restricting the values of the six viscosity coefficients entering the expression of the
viscous torque of a rod-like biaxial nematic

a, <0 B, <0 Must be fulfilled

a; <0 B:<0 Most probable possibility
la,| >> |y [B.] >> |8l Plausible relation in this case

a; >0 Bs>0 Possibie but probably rare situation
oy —a, >0 B:s—B,>0 Must always be fulfilled

oy~ oy + By — Bt B~ py, >0

B~ B> Bs — B
[T 1P

Must be fulfilled for a “‘rod-like” biaxial nematic

shearing torque. As no experimental information concerning these constants is
presently available, we try to make a sound guess as to their qualitative values and,
what is even more important, their signs. As the a-coefficients correspond to the
Leslie coefficients of a uniaxial nematic it seems reasonable to assume that they
are also of the same order'>!¢ in the biaxial case. Thus, for the rod-like biaxial
nematic which we are modeling, one assumes a, to be negative, while a; should
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most commonly be negative fulfilling the relation |a;] << |a,|. We cannot, however,
exclude the possibility that a; is positive. Furthermore, while it is reasonable to
assume that the values of the p;-coefficients behave like those of the o, we generally
assume B, << a; as a consequence of the fact that the §3;-coefficients represent the
biaxiality regarded as a small disturbance to the uniaxiality of the system. We thus
assume 3, < 0, while allowing 3, to be positive as well as negative, probably with
B; < 0 the more common situation. In this latter case, it seems reasonable to
assume the relation |B;| << |B,] to be valid. Concerning the coefficients w, and p,
we believe their magnitude to be small compared to |a,|. However, they cannot
be neglected compared to the §;-constants because of the inequality (VI.16). Also
from the inequality (VI.17), one must always demand p, > p,. In Table I we have
summarized our view of the six viscosity coefficients which enter the expressions
of the viscous torque of the system.

Going back to Figure 6, one sees that, with our assumptions for the viscosity
coefficients, for all the three configurations in the left hand column of the figure
the torque acting on the biaxial plate is pointing along the positive y-axis, thus
tending to rotate the plate clockwise. Studying the three configurations in the right
hand column of the figure, it is clear that the torque acts along the negative y-axis
provided that a5, B; and a; — B, 4+ ., are all negative, respectively. In these cases
one expects that the system could find an equilibrium for some intermediate in-
clination of the plate between these of the left hand and the right hand columns.
To find the possible equilibrium configurations of the system under shear, one
returns to Equations (VI1.6) and determines the angles for which I'* = 0. Under
the assumptions that o, B, and a, — B3 + p, as well as a3, B3 and a, — B3 + py
are all negative there are six solutions, all appearing in pairs. These six solutions
are shown in Figure 7.

For the solution shown in Figure 7a the m-director is pointing in the y-direction,
while the n-director is confined within the shearing plane. The corresponding equi-
librium angles are given by

Q3 — Qy

FP & =4 =0, cos26 = S (VIL.7)
= = =~ ®
BP ¢ =m, ¥ =0, co0s26 .t o (VIL.8)

We introduce the shorthand notation FP and BP for these two solutions. This
notation is to be interpreted in.such a way that the first letter refers to the long
director pointing in the forward and backward direction, respectively, while the
second letter indicates that the transverse director is pointing in the perpendicular
direction.

For the solutions in Figure 7b the long director is pointing in the y-direction.
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FIGURE 7 Egquilibrium orientations of the biaxial plate when subjected to shear flow. In order to
distinguish the different solutions we have introduced the shorthand notation shown in the figure. This
is to be interpreted in such a way that the first letter refers to the long director pointing in the forward,
backward or perpendicular direction, respectively. In the same way the second letter refers to the
direction of the transverse director.
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We then find the two possible equilibrium angles for the m-director in the shearing
plane to be given by

63“‘32

PF 6 =¢ = n/2, cos2b = — —=, sin2y <0 VII.9
Y B, + B, W ( )
— b = _ _ BB
PB 0 =0¢=m72, cos2y = , sin2¢ >0 (VIL.10)
Bs + B2

These two solutions are denoted by PF and PB, respectively, meaning that the
long director is pointing in the perpendicular direction, while the transverse director
is pointing in the forward and backward direction, respectively. To appreciate the
similarity between the solutions (VIL.7), (VII.8) and (VIL.9), (VII.10) one observes
that the minus sign in Equations (VII.9) and (VII.10) is due to the fact that the
reference directions for 6 and ¢ in the two cases are not the same. From Figures
7a and b we thus see that the possible flow alignment for the two directors is similar
to that most often occurring in uniaxial nematic systems.
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Finally, for the two solutions shown in Figure 7¢ both the directors are confined
within the shearing plane. Here we again have two equilibrium angles given by

It

ay — 0y + B3 = By + o — g
FB =0,¥% = w/2, cos20 VIIL.11
¢ v a; + oy — B3 — B+ po + oy ( )

a3 — 0 + B3 — B+ — oy
BF =,y = w2, cos20 VII.12
¢ v az + o, — B3 — Ba et opg ( )

which we denote FB and BF, respectively. Again note that due to the coupling,
the torques acting on the n- and m-directors do not simply add up, but the expression
for cos26 also involves the coupling coefficients p, and w,.

The six equilibrium configurations pictured in Figure 7 are obtained if the as-
sumptions concerning the viscous coefficients discussed above are fulfilled. Natu-
rally there is no reason to prohibit the coefficients a; or f; from taking positive
values, even if this probably is a rare situation. Thus any pair of the solutions given
by Equations (VIL.7)—(VII.12) might not exist, and we can expect situations where
there are either zero, two, four or six equilibrium orientations of the biaxial plate.

Finally, a few words about the stability of the equilibrium configurations which
are shown in Figure 7. In order to investigate the stability of these, we must calculate
the torque corresponding to all possible infinitesimal perturbations to the solutions.
If the torque always tends to take the system back towards the original solution
the equilibrium is stable. As we are working in a three-dimensional space, there
are a vast number of possibilities for the nature of the singular points of the torque
pattern. We also have a large number of parameters that can be varied rather
independently. A complete understanding of the stability properties of the possible
solutions would demand a tedious investigation. Such an investigation is in prog-
ress.’” In the next section, however, we limit ourselves to discuss just a few different
examples of stability that can be exhibited by the system.

Vil STABILITY OF THE FLOW EQUILIBRIUM ANGLES—EXISTENCE OF
FLOW ALIGNMENT

As was shown in the previous section, there are six different orientations of the
biaxial plate for which the shearing torque vanishes (c.f. Figure 7). In this section
we discuss how the stability of these configurations depends upon the viscosity
coefficients of the system. It is easy to convince oneself that any pair of the solutions
(VILI.7)~(VIL.12) may or may not exist independently from each other. With the
assumptions o, < 0, 8, < 0 and o, having the largest magnitude of all the viscosity
coefficients, the condition for the existence of each pair of the solution reads

FP and BP o, < 0, (VIIL1)
PFand PB B, <0, (VIIL2)

FB and BF o5 — B, + p, < 0. (VIIL3)
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In order to achieve a qualitative understanding of the behaviour of the system
in shear flow, one must now determine the stability of the flow equilibrium angles.
A complete understanding of this problem demands a rather extensive investigation
and will be presented in future work.'” Here we simply give a brief discussion of
the problem and show a few different examples of the stability properties of the
system. The starting point for this investigation is the torque equation

rr+r<=0 (VIIL.4)
where I'” and I'* are given by Equations (VI.8) and (VII.6), respectively. Equation

(VIIL.4) represents the governing equations of a dynamical system and has the
structure

é = fl(ea d)’ \l»‘),
d) = f2(e’ (b’ l,")’
b = £3(8, ¢, ¥). (VIIL5)

The flow equilibrium angles represent the stationary points of the dynamical system
(VIILS), i.e., the points for which f; = f, = f; = 0. To determine the stability of
a solution 6 = 6y, & = ¢, and ¢ = Y, we introduce three perturbation angles a,
$ and vy according to

6 =6, + a,
b = d, + B,
U= iy + v. (VIIL.6)

Expanding Equations (VIIL.S) to linear order in these perturbations gives
& = apo + apB + oy,

B = opa + anP + oy,
Y = az0 + apPf + assy. (VIIL.7)

A nice introduction to the analysis of such a dynamical system is given in a book
by Meirovitch.!® Following Meirovitch, the nature of the equilibrium points is now
determined by the eigenvalues of the matrix a;;. If all the three eigenvalues are
real and negative, the equilibrium is stable and is denoted a stable node (SN). If
one eigenvalue is negative and the other two are complex conjugates with a negative
real part, the equilibrium is still stable, but is denoted a stable focus (SF). If at
least one of the eigenvalues is positive or has a positive real part, the equilibrium
is unstable. Some types of unstable equilibrium points are the unstable node (UN)
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for which all three eigenvalues are positive, the saddle point (SP) for which the
eigenvalues are real and of different signs and the unstable focus (UF) for which
two eigenvalues are complex conjugates with a positive real part.

To perform a full survey of the stability properties of the equilibrium points of
the system would lead too far to be carried through here. Such an investigation
will be presented by us elsewhere.l” Here we are content to give a few examples
of different types of stability which might occur in the system. In Table II, we show
the outcome of a stability analysis for six different sets of viscosity coefficients.
From this we see that it is possible to find parameter values for which each one of
the three solutions FP, FB and PF is stable. We did not find any set of viscosity
coefficients for which more than one of these three equilibrium points were stable
at the same time, but presently we cannot rule out this possibility. It is, however,
easy to see that the three solutions BP, BF and PB cannot be stable if the as-
sumptions a, < 0, B, < 0 and |a,| > |B,], |p1 + w,| are valid. Situations for which
none of the present solutions is stable do also exist. The choice of the values of
the viscosity coefficients used for the analysis presented in Table 1I is made to
fulfill the conditions which are displayed in Table I. At the present stage, however,
it is hard to decide how realistic the parameter values used are, and it is thus
difficult to state which of the situations displayed in Table II are realizable in a
real biaxial nematic system.

IX INTERACTION WITH ELECTRIC AND MAGNETIC FIELDS

We now discuss the orientational effects on the biaxial plate that appear in the
presence of electric and/or magnetic fields over the sample. In order to describe
the dielectric and magnetic properties of the medium we have to introduce three
dielectric permittivities and three magnetic susceptibilities, one for each principal
axis of the biaxial plate. We denote these six constants €, and x;, respectively,
where g; corresponds to the dielectric permittivity along the i-axis and so on (c.f.
Figure 8). Instead of discussing the problem in terms of the susceptibilities intro-

TABLE 11

A selection of possible equilibrium situations for a biaxial nematic under shear. In the table the
solutions which are stable, thus referring to a flow alignment, are printed in bold

Parameter Values Solution and Stability
o, o, B Bs T W2 FPBP FBBF PFPB
-107? -10-2  -10"* -—-10-* +2-10-2 ~510-2 SNUN SP SP SP Sp
~-107! -10-% -10"* -10"* +2-1072 —~5-10-2 SF UF SP SP SP SP
-107! -1 -10"* +2.10°3 +4-10-3 -10-3 SPSP SNUN — —
-107! -10-2  -10-3% +2-10°° +7-1072 -1072 SP Sp SFUF — —
-107! -10-* -10"%* -10"* +4.41072 +4-10"2 SP Sp —_ — SF UF

-10"'  -510"* -10"°* -10~* +4.4-1077 +4-1072 SP SP —_ — Sp Sp




Downloaded by [Tomsk State University of Control Systems and Radio] at 15:05 18 February 2013

116 T. CARLSSON, F. M. LESLIE AND J. S. LAVERTY
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FIGURE 8 Definition of the magnetic susceptibilities x; and the dielectric permittivities €; of the

biaxial plate.

duced above, it is sometimes more convenient to introduce the corresponding
dielectric and magnetic anisotropies,

€m = €4 T &y € = &, — & Emi = €&y T Ep,
Xnm = X ™ Xms Xnt = Xn — Xi» Xt = Xm — X1+ (IXI)

When applying a magnetic field B over the system, there is an induced magneti-
zation J? according to

P = pix,(B-a)h + x,(Bim + x(B-Di], (IX.2)

where p, is the permeability of free space. The corresponding magnetic free-energy
density is given by

B
1 .
8 = ~ L Jo-dB = ~ o [x,(B-B)* + x,,(B-)* + x(B-D)?. (IX.3)
0
In the same way one can derive an expression for the electric free-energy density

g = ~ e R + e, () + e ()] (IX.4)

where we have introduced g, the permittivity of free space.
Let us start to investigate the effect of applying a magnetic field in the z-direction,
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B = B2, employing the coordinates of Figure 2. Substituting the three unit vectors
i, 1h and 1 as given by Equation (IV.1)-(IV.3) into Equation (IX.3), the magnetic
free-energy density is given by

B2
g = — 2—;; [x.c08%0 + (x,,sin’d + x,cos?s)sin’6]. (IX.5)
(]
Minimizing g, with respect to 6 and ¥ gives the conditions

0, (1X.6)

[X, = (Xmsin®¥ + x,cos?)]sin26

(¢ — Xm)sin2ysin®d = 0. (IX.7)

Equations (IX.6) and (IX.7) have three solutions which are shown in Figure 9. In
order to determine which of these is the stable one, we have to compare the
magnetic free-energy density of the system for the three cases. The three solutions
are:

Solution |

0 = 0, ¥ undetermined; & = — 7 Xn-

Here i is parallel to B, while the m-director is free to point in any direction
perpendicular to B.

Solution i
B2
0 = w/2, ¢ undetermined, ¥ = 7w2; g = — T Xm>
2pg
Z I I il /
3 ; | o
2
L/ ; -/
%X > Ap X Xp > X Xy % > XX

FIGURE 9 Ordering of a biaxial plate in the presence of a magnetic field. The axis of the biaxial
plate corresponding to the largest value of x; points in the direction of the field, while the other two
axes are free to rotate in any compatible directions perpendicular to the field.
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Here m is parallel to B, while the n-director is free to point in any direction
perpendicular to B.

Solution 1l

0 = w/2, ¢ undetermined, =0, g, = — 2o X;-
0

Here 1 is parallel to B, while the n- and the m-directors are free to point in any
compatible directions perpendicular to B.

Which of the three solutions is stable is determined by that which minimizes the
free-energy density. Thus we find that the axis corresponding to the largest magnetic
susceptibility points in the direction of the field, while the system adopts the same
magnetic energy for each possible direction of the other two axes, now being
perpendicular to the field, and thus the direction of these two axes is undetermined
by the field. As is seen from Equations (IX.3) and (IX.4), if we instead want to
study the influence of an electric field we only have to make the substitution B2y,/j,
— goE%;.

As we saw above, applying an electric or a magnetic field across a biaxial nematic
system is not enough to order the system completely. Chandrasekhar has suggested?
that applying a magnetic and an electric field at right angles to each other could
be one way to orient both directors unambiguously. However, it turns out that the
analysis of the effect of two crossed electric and magnetic fields over a biaxial
nematic in the general case is a rather involved problem and this is discussed in
detail elsewhere.?’ Here we restrict ourselves to a discussion of the case for which
the electric field is much stronger than the magnetic one, i.e., to the case g,E? >>
o 'B2. Below it is proved that in this case the axis corresponding to the largest ¢;
is ordered by the electric field, while the magnetic field aligns the one of the two
remaining axes that has the largest x;. That this happens is not obvious, because
one could expect the axes to be oriented at some oblique angles with respect to
the fields due to the competition from the electric and magnetic torques. Before
proceeding we introduce a notation that incorporates the coupling constants of the
fields into the susceptibilities

ol 2 = — 2
€; eoE%;, £;; goE%;;,

Il

no ‘B2, Xij = o B%X;. (1X.8)

x
I

Assuming that the electric field is much stronger than the magnetic one, it can
generally be stated
8 >> Xy B U K (IX.9)

for all {, j, k and p. To analyse the situation it is most convenient in this case to
express the torque components in their Cartesian form. Generally, the magnetic
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torque can be written as ' = J* x B, while a similar expression is valid for the
electric torque. Using tensorial notation, the electro-magnetic torque is instead
given by Equations (II.5)—(IL.7). Assuming that the fields are given by E = E%
and B = B3, respectively, the electro-magnetic torque is given by

F,)v(a = )‘annynz + S(mlmymz’
l"))gs = - inlnxn’z - imlmxmz + énlnxnz + émlrnxrnZ H
F)Z(E = - E,,,nxny - émlmxmy . (IXlO)

From Equations (IX.10) one sees immediately that all configurations for which
two of the three vectors fi, 1 and i are parallel to the fields are possible equilibrium
configurations of the system. Figure 10 shows these solutions and also gives the
appropriate conditions for each of these to be stable. In the figure we have also

exact tm>0, By > Xy s Xim> 0 % >0, B> Xems X >0
approx. / (> 0) (tm> 0) /
Sa Sia
n L
z y B F
— —-»-
|/x m L,E ' /
exact €20, 0y > Xy s Xy >0 €20, &> Xoes Xy >0
approx. (e >0) (zm>0)

T >0 &> H s Hon?0 >0 % > H o R0
approx. (e >0) (en>0)

FIGURE 10 The six equilibrium configurations of biaxial nematics in the presence of two perpen-
dicular electric and magnetic fields. The condition for each solution to be stable is also displayed in
the figure. In the case when the electric field is much stronger than the magnetic one, the second
condition in each set can be replaced by an approximate one according to the figure. In the figure we
also introduce a shorthand notation for the equilibrium configurations.
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introduced a shorthand notation for these configurations in such a way that the
solution §;; corresponds to the situation for which the i director is pointing in the
direction of the electric field and the j director is pointing in the direction of the
magnetic field.

In order to investigate the stability of the solutions we have to determine the
torque acting on the directors when the system is allowed to perform small per-
turbations around these solutions. Let us study the solution characterized by i =
% and m = y. A small perturbation of this configuration can be expressed by three
infinitesimal rotations o, § and vy around the coordinate axes, respectively. If «,
B and vy are small, the perturbed directors are given by

n, =1, n, =y, n, = —8, (IX.11)
and
m, = —v, m, =~ 1, m, = a. (IX.12)

The torque I'*" acting on the director is now derived from Equations (IX.10)-
(IX.12)

T2t = Rpue, T2 = (R — 6008, T2 ~&,y. (IX.13)

If the solution is stable, the torque (IX.13) must be such that it acts to bring the
directors back to the unperturbed solution, i.e., all the three components of I'?¢*
must be negative. We thus derive the following conditions for stability

> 07 énl > inl’ )21;11 > 0 (IX14)

énm
With the assumption that the electric field is much stronger than the magnetic one
this can be approximated by
>0

€ , gy > 0, Xim > 0. (IX.15)

nm
By analysing the remaining five solutions in the same way, one derives the equi-
librium conditions for stability that are given in Figure 10. In the case when ¢(E?
>> ng 'B2, the result of the stability analysis is that the axis with the largest &,
falls along the electric field, while the one of the two remaining axes with the
largest x; falls along the magnetic field.

The result stated above is fairly obvious once we have convinced ourselves that
the equilibrium solutions will correspond to these orientations for which the di-
rectors fall along the axes of the coordinate system. However, we must emphasize
that the conditions of the type (IX.15} are only valid in the case gE? >> py 'B?
or, of course, with obvious changes when p 5 'B? >> ¢,E2. In the case when the
two fields are of competing order of magnitude, the general stability criteria dis-
played in Figure 10 must be considered, and in this case the behaviour of the system
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is much more complex to analyse, and in some cases even bistability is exhibited.
A full treatment of this problem is, however, discussed elsewhere.?

X THE EFFECTIVE VISCOSITIES

The stress tensor defined by Equation (I1.8) introduces fifteen viscosity coefficients
into the dynamic theory of biaxial nematics, although three Onsager relations
(Equations (II.11)) reduce the number of independent viscosity coefficients to
twelve. In order to measure these it is necessary to perform twelve independent
measurements, each of which determines some combination of the viscosity coef-
ficients linearly independent of the others. In Section VI we defined three rotational
viscosities which are given by Equations (VI.11). Below we show that it is possible
to define nine effective shearing viscosities which are linearly independent of each
other. Thus one can design sufficient experiments to determine the full set of
viscosity coefficients needed to give a complete description of the system.

To calculate the effective viscosities of the system, we use the equations of Section
II. Assuming a shear flow of the type shown in Figures 6 and 7, i.e., assuming a
velocity profile v = v(z)%, Equation (I1.3) reduces to

txz,z = 07 (Xl)
which can be integrated to read
L, = T, (X.2)

where the integration constant 7 represents the force per unit area applied to the
moving plate. The xz-component of the viscous stress tensor, being a function of
the directors, can generally be written as

txz = v’g(nh mj)' (XS)
Equations (X.2) and (X.3) give

T
g(n;, mj) = 7’ (X.4)

i.e., g(n;, m;), being the ratio of the driving force and the corresponding shear
rate, can be interpreted as the viscosity function of the system. By the use of
Equations (II.8) and (X.4) we can write this as

1

g = E[Zaln,%n% — a,n? + azn? + oy + asn? + agn?
+ 2BymimZ — Bym: + Bami + Bsm: + Bem:
+ Ml(nxmz - nzmx)nzmx + “'Z(nxmz - nzmx)nxmz

+ wa(n.m, + nmIn,m, + p(n.m, + n.myn.m,l. (X.5)
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FIGURE 11 The nine linearly independent effective viscosities of biaxial nematics which we chose
to define.

As shown in Section IX, it is possibie to order the directors by a suitable ar-
rangement of crossed electric and magnetic fields. If these fields are strong enough,
the corresponding torque is sufficient to dominate the shearing torque introduced
by the flow, and we thus have a means to control the directors in the presence of
a flow. Figure 11 shows the nine different orientations of the directors corresponding
to the nine linearly independent effective viscosities which we chose to define.
These are the six orientations for which the directors are parallel to the coordinate
axes, and three oblique orientations, where either one or both of the directors
make a forty five degree angle with the x-axis. We introduce a notation v;; for
these viscosities in the following way. Denote the first index 1, 2, or 3, depending
upon whether the n-director is pointing in the x, y or z-direction, and in the same
way let the second index define the direction of the m-director. In the case for
which one or both of the directors are pointing in one of the oblique directions we
instead denote the corresponding index by 0. As the flow must always be in the
same direction as the driving force, one concludes that each of the effective vis-
cosities must be positive. To summarize we have thus defined the following effective
viscosities
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1
7112=§(a3+a4+016)>0,
1
7113=§(013+0L4+°‘6_[32+BS+M2+M4)>0,
1
7]2125(014+Bs+[36)>0a
1
7123=§(0‘4_Bz+35)>0,
1
713125(_012*'0‘4*'0‘5"‘33+Bs”lbl+llds)>0,

1
N3z = E(“Oﬁz + oy + as) >0,

1 1
Mo = Z(2a4 + B =Bt Bs+Bs + Be) = Z(ZTln + 2mp + B) >0,

1 1
n02=2(a1_ a, + a3 + 204 + as + ag) =Z(2’ﬂ12+27l32+0‘1)>0,

noo=z(a1—a2+a3+2a4+a5+a6
+ By — B2t Bs+ Bs+ Bs— Myt o)
1
=Z(27‘|13 +2m oy + By s — ) >0, (X.6)

where the corresponding orientations of the directors are shown in Figure 11.

In conclusion: The stress tensor (II.8) introduces fifteen viscosity coefficients
related by the three Onsager relations (I1.11). To measure these, one must measure
the three rotational viscosities (Figure 4) given by Equations (V1.11) and the nine
effective shearing viscosities (Figure 11) given by Equations (X.6).

Xl TRANSVERSE FLOW EFFECTS

It is well known from the study of uniaxial nematics?! that under some circumstances
a transverse flow can be induced in the system. Such a transverse flow could be
used to design additional experiments to determine some viscosity coefficients of
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the system. However, what is more important is that for some configurations of
the flow, transverse flow is inevitable and an analysis of the problem neglecting
transverse flow might prove to be incorrect. In order to assure ourselves that the
results derived in the previous sections do not suffer from such an oversight, we
give a brief study of shear flow incorporating the possibility of transverse flow into
the equations.

Performing a shear flow experiment in the geometry of Figure 2 and allowing
for transverse flow, one must consider a velocity field v(z) of the form

v, = v(z), v, = u(z), v, = 0. (X1.1)

y

The x- and y-components of the equation (II.3) can in the absence of external body
forces be written

txz,z = 09 tyz,z = 0’ (XIZ)

and by integrating these equations, assuming the driving force 7 to be applied in
the x-direction, i.e., ¥ = TX, one obtains

t, = T, t,, = 0. (X1.3)

Again assuming 5, = m; = 0, the quantities defined by Equations (11.9) and (11.10)
now include additional terms proportional to the transverse shear rate u’ where

u = —2  (XL4)

Substituting these more general expressions into the stress tensor (I1.8), one derives
1 ’ ’

ty, = 2 [v'X + u'Y], (X1.5)

where we have introduced X and Y according to

X = 2oyn.nnZ + aznn, + agn.n,
2
+ 2Bymm,m? + Bymm, + Bem,m,
+ (nxmz - nzmx)(“'lmynz + p‘2nymz)

+ (nxmz + nzmx)(}kfimynz + |-L4nymz)a (XI6)
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Y = 2a;n3n2 — opn? + aznl + a4 + asn? + ogn?

+ 2Bymim? — Bym?Z + Bymi + BsmZ + Bgm?

+ (nymz - nzmy)(u'lmynz + IJ'Znymz)
+ (nym, + n.m))(psmyn, + pyn,m;). X1.7

The second of Equations (XI.3) together with Equation (XI.5) implies
u = —v' =, (XL.8)

Thus the possibility of inducing a transverse flow occurs whenever X # 0.

From the structure of X one notices that transverse flow effects are possible
when either of the two directors is pointing out of the shear plane, but not parallel
to the y-direction. All the geometrical configurations discussed previously in this
paper are of such a nature that the directors have either been confined within the
shear plane or are parallel to the y-axis. Thus we conclude that transverse flow
effects do not influence the analysis of the situations presented in this paper.

Xil DISCUSSION

In this paper, we have discussed the flow properties of the biaxial nematic phase
with the stress tensor (I1.8) derived in Section II as a starting point. In order to
construct a physical model of the system, we introduced the biaxial plate in Figure
1b, and our interest in a biaxial system of “‘rod-like” symmetry led us to introduce
the notations long director A and transverse director m according to the figure.
Our aim throughout the paper has been to show how much the flow behaviour of
the biaxial nematic phase is similar to the corresponding behaviour of uniaxial
nematics. For example, in shear flow, with one of the two directors pointing in the
isotropic or perpendicular direction, the mathematical structure of the governing
equations exactly resembles that of the uniaxial nematic phase with one set of
viscosity coefficients «; corresponding to the long director and another set §; cor-
responding to the transverse director. A complication in the study of biaxial ne-
matics is the presence of the coupling constants w, which appear in the general
case when neither of the two directors is pointing in the isotropic direction.

Presently, no experimental information regarding the viscosity coefficients of
biaxial nematics exists. However, we have argued that it seems reasonable to assume
that one can use the knowledge of the Leslie coefficients of uniaxial nematics to
estimate the values for some of the corresponding coefficients of biaxial nematics.
Such an assumption, together with the inequalities derived in Section VI, leads to
the viscosity coefficients of the system displayed in Table 1.

In connection with Figure 4, we have shown how one can introduce three ro-
tational viscosities of the biaxial nematic phase, each of which corresponds to a
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rotation of the biaxial plate around one of its three principal axes. We have also
shown (Figure 5) that in the general case, the rotational motion of the system is
accompanied by a transverse torque, which probably is important when analyzing
the route towards equilibrium for the directors.

In the presence of shear flow the system exhibits six possible equilibrium ori-
entations occurring in pairs (Figure 7). Depending on the values of the viscosity
coefficients, any of these pairs may or may not exist independently. To understand
the nature of the stability of these equilibrium angles in terms of the viscosity
coefficients is a rather complex procedure. We have given a few different examples
of stability in Table I, showing that any of the three solutions that we have denoted
FP, FB and PF can be stable for certain combinations of the viscosity coefficients.
Studying Figure 7, one again appreciates the similarity with the case of flow align-
ment for uniaxial nematics.

By applying two crossed electric and magnetic fields over the system it is possible
to orient the directors under certain circumstances. In Figure 10, we show the six
possible equilibrium configurations which are possible in this case, and also give
the proper conditions for stability for each of these. The general analysis of these
stability conditions has been discussed elsewhere®® where it is shown that in some
cases the system can exhibit bistability. Thus the experimentalist must approach
the problem of aligning the system by using electric and magnetic fields with some
caution.

Having aligned the system in a proper way, one can define nine effective shearing
viscosities shown in Figure 11. Measuring these together with the three rotational
viscosities makes it possible to determine the full set of viscosity coefficients of the
system. However the experimental difficulties in performing such a measurement
are probably extensive.

To summarize, we conclude that the biaxial nematic phase provides a fascinating
system, the flow properties of which exhibit large similarities to the uniaxial nematic
system. However, the general behaviour is more complex and provides many effects
due to the coupling between the two directors that are not present in uniaxial
nematics. Thus we predict that it will probably demand a great deal of effort before
the behaviour of biaxial nematics has been investigated and understood to a rea-
sonable degree. Our hope is that this paper will prove a useful guide to those who
are interested in undertaking such a task.
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